Abstract. It is well known that newforms of integral weight are simultaneous eigenforms for all the Hecke operators, and that the converse is not true. In this paper, we give a characterization of all simultaneous Hecke eigenforms associated to a given newform, and provide several applications. These include determining the number of linearly independent simultaneous eigenforms in a fixed space which correspond to a given newform, and characterizing several situations in which the full space of cusp forms is spanned by a basis consisting of such eigenforms. Part of our results can be seen as a generalization of results of Choie-Kohnen who considered diagonalization of "bad" Hecke operators on spaces with square free level and trivial character. Of independent interest, but used herein, is a lower bound for the dimension of the space of newforms with arbitrary character.
Introduction
For N a positive integer, ψ a Dirichlet character defined modulo N , and k ≥ 2 an integer, we let S k (N, ψ) denote the space of cusp forms of weight k for Γ 0 (N ) with character ψ, and S + k (N, ψ) the subspace generated by the newforms. For a prime p, we let T p (or T N p ) denote the pth Hecke operator for forms on S k (N, ψ). We use this notation for the primes which divide the level as well, so for example if q | N , our Hecke operator T N q is the same as the operator U q in the notation of [3] .
It is well-known that S k (N, ψ) has a basis consisting of simultaneous eigenforms for the algebra of Hecke operators generated by {T N p | (p, N ) = 1}, and via multiplicity-one that S + k (N, ψ) has a basis of simultaneous eigenforms for all the Hecke operators. Since S + k (N, ψ) is generally a proper subspace of S k (N, ψ), it is a natural question to consider the extent to which the full space of cusp forms has a basis of simultaneous eigenforms for all the Hecke operators. Choie and Kohnen [2] considered the question of diagonalizing "bad" Hecke operators (that is, T N q where q | N ), and gave an upper bound for the number of primes q for which T N q could not be diagonalized on S k (N, ψ) where N is square-free, q | N and ψ is trivial. An alternate perspective on that question is to determine conditions under which simultaneous Hecke eigenforms are newforms. One result along these lines is Li's [3] Theorem 9: if f ∈ S k (N, ψ) is a simultaneous eigenform for all Hecke operators T N p , and f is also an eigenform for the operator KW N (where K is the conjugation operator and W N is the Fricke involution), then f is a newform.
In this paper we address the question broadly, in particular giving a characterization of all simultaneous Hecke eigenforms associated to a given newform for arbitrary level and character. For a given newform h ∈ S k (N 0 , ψ), we first determine (Theorem 2.1 and Proposition 2.2) the exact structure and the eigenvalues of each form f ∈ S k (N, ψ) which is Hecke-equivalent to h and also an eigenfunction for T N q . In section 3, we address the diagonalizability of T N q on a given space of cusp forms, characterizing several situations in which the full space of cusp forms is spanned by a basis consisting of such eigenforms, as well as those situations when it is not (Theorems 3.3 and 3.6) . To establish the later result we derive a lower bound (Theorem 6.1) for the dimension of the space of newforms, S + k (N, ψ); dimension formulas for the space of newforms with trivial character are given by Martin [4] . In Theorem 3.4, we generalize the results of Choie-Kohnen producing an upper bound for the number of primes q for which T N q fails to diagonalize. Section 4 considers simultaneous Hecke eigenforms, and section 5 has several examples delineating cases in which bases of simultaneous eigenforms do or do not exist.
Characterizing Hecke Eigenforms at primes dividing the level
Throughout, we make the convention that all Dirichlet characters will be considered as defined modulo their conductor, so that when considering a modular form in S k (N, ψ), ψ(d) = 0 iff d is relatively prime to the conductor. In particular, there may well be primes q | N for which ψ(q) = 0. Of course for any prime q N , ψ(q) = 0. The convention is necessary to allow a uniform handling of all subspaces [1] , [3] , that f has the form
where
is the shift operator of [3] , and the α d are complex scalars. 
Proof. As above, we assume that f = d|
We separate the argument by cases.
• Case:
, so that the shift and Hecke operators commute:
and so we have κ q = λ q . Since q N/N 0 , it is vacuously true that
As in the previous case, we note that q | N 0 implies T 
We now show the second summand does not appear.
There is no issue if M < 2, so we assume M ≥ 2. In that case for a divisor d with ord q (d) = M , we see that a term with h | B d occurs as a summand in κ q f , but not in
Applying this observation, the equation above becomes: 
On the other hand, if κ q = 0, then α d = 0 when q d, so Equation 2.1 becomes
and hence κ q = λ q . It follows that λ q = 0 implies κ q = 0, and
B q , and we have
To simplify this expression, we show
Proof. This is completely analogous to the previous lemma. Let M = max
There is no issue if M < 3, so assume M ≥ 3. In that case for a divisor d with ord q (d) = M , we see that a term with h | B d occurs in κ q f , but not
To go further, we first suppose that
Applying these observations to the above expression for κ q f yields
Comparing coefficients of h | B d and h | B dq we obtain for q d:
Substituting the expression for α d from the first equation into the second yields the quadratic (κ As above, let h ∈ S k (N 0 , ψ) be a newform, and N an integer divisible by N 0 . Denote the class of h by
By the theory of newforms, we know 
Proof. The proposition follows immediately from the computations already present in Theorem 2.1.
Comparison to Choie-Kohnen
As in the previous section, let h ∈ S k (N 0 , ψ) be a newform, and N an integer divisible by N 0 , and denote the class of h by [h] . From [1] , [3] we know that if S + k (N 0 , ψ) denotes the space generated by newforms of level N 0 ,
where the last sum is over normalized newforms h ∈ S 
and only if it is diagonalizable on each class [h].
Proof. For both statements, only the forward direction requires proof . We then use these results to generalize those of Choie and Kohnen [2] . We also apply these results in section 4 to determine when there exist simultaneous eigenforms for all the Hecke operators, and determine the number of such eigenforms which are linearly independent.
For a prime q | N and h ∈ S k (N 0 , ψ) a newform, Theorem 2.1 implies that [h] contains at most three eigenspaces for , that is when λ q fails to achieve the Deligne bound. There is an additional independent eigenform with eigenvalue κ q = 0 if and only if µ ≥ 2. For later convenience we denote by Q N 0 ,h the set of primes q | N/N 0 (just characterized) yielding a maximal number of distinct eigenvalues κ q , and tabulate their number.
With this in hand, we now generalize the first part of Choie and Kohnen's theorem [2] characterizing when "bad" Hecke operators can be diagonalized. In the next result, we extend the work of Choie and Kohnen [2] (where they considered square-free level and trivial character) by showing that if k is even, s = 1 or 2 and ν = 0, then case (3) of Theorem 3.3 holds for all but finitely many primes q.
Theorem 3.4. Let k be an even integer, and let ψ be a Dirichlet character whose conductor
f divides M . Then T q is diagonalizable on both S k (qM, ψ) and S k (q 2
M, ψ) for all primes q M except for a finite number r ≤ C(M, k, ψ) of exceptions, where
and
Proof. By Theorem 3.3, the only way that a given T q can fail to diagonalize on either
. Fix an M 0 with f | M 0 | M and a newform h ∈ S k (M 0 , ψ) with eigenvalues λ n . Let K h be the field obtained by adjoining all the λ n to Q. It is known (Proposition 2.8 of [6] , [7] ) that K h is a number field and contains the N th roots of unity which arise as values of ψ. Let ζ be a primitive 2N th root of unity, so that Q(ζ
. We call such a q an exceptional prime for h. Now if p 1 , p 2 , . . . , p s are different primes, the degree of Q(
and K h is a finite extension of Q, there must be a finite number r h of exceptional primes for
The group Gal(Q/Q) acts on normalized eigenforms in
be the composite field where the product runs over all characters χ modulo M 0 and all newforms h ∈ S k (M 0 , χ). Since each automorphism of the Galois closure of K M 0 ,k /Q permutes these newforms, it can be considered as a subgroup of S g M 0 ,k , the symmetric group on g M 0 ,k elements, where
Therefore we get an upper bound for r, the number of primes q for which T q fails to diagonalize, by summing over all such newforms. Then
Remark 3.5. One could obtain a more explicit, though considerably larger, upper bound.
) for which one could use the known dimension formulas.
We conclude this investigation of diagonalization with the following "negative" result for levels divisible by a high power of q. 
Simultaneous Hecke Eigenforms
We now turn to the question of characterizing simultaneous Hecke eigenforms in S k (N, ψ) for all Hecke operators T N , a prime. From the previous section and the theory of newforms, for a given simultaneous eigenform f ∈ S k (N, ψ), the only primes which need careful analysis are primes q | N/N 0 where N 0 is the level of the associated newform. We make this explicit. 
Proof. This is immediate from Theorem 2.1, which also indicates the possible eigenvalues κ q . We see all such values α q e are uniquely determined except for the value of α q = κ q − λ q which has as many distinct values as distinct eigenvalues κ q . It is now a simple matter using Theorem 2.1 to verify that the sets A and B characterize those cases in which κ q can have 2 or 3 distinct eigenvalues. 
Examples
with the isomorphism as modules for the Hecke algebra generated by T N p for all primes p N , the result is clear. In the isomorphism we use the convention that for a space S, mS = m i=1 S.
As a second example, we consider a situation in which the conductor of the character ψ can be large. Proof. This is immediate from Proposition 2.2, since for each q | N , the qth eigenvalue of h 
Dimensions of spaces of newforms
To justify the last part of Theorem 3.3, we compute a lower bound for the dimension of the space of newforms S + k (q ν+r , ψ) where q is a prime, r ≥ 2, and ψ a character with conductor q ν , ν ≥ 0. We make implicit use of the trace formula for Hecke operators as given in [5] , in particular Ross's formula for the dimension of the space of cusp forms. For trivial character, one can find a formula for the dimension of the space of newforms in [4] . Proof. We consider the Hecke algebra generated by all operators T p with p qM , and recall our shorthand of writing mS for 
We adapt the notation of Martin [4] , who gives a formula for the dimension of the space of newforms with trivial character, and put The goal is to use the above expression to produce a formula for the dimension of the space of newforms as a function of the prime q and weight k. Using a parametrized version of the notation from [5] , we obtain a formula for the dimension of the space of cusp forms with arbitrary character: We shall show that the second term is bounded and the first goes to infinity as q or k do which will establish our result.
We consider the second term: 
